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Abstract-This investigation presents systematic measurements of the variation of the thermal boundary- 
layer thickness with Prandtl number for a Prandtl number range of from 0.703 to 8940 for laminar natural 
convection from a vertical, uniform-heat-flux surface. Experimental measurements of the thermal boundary- 
layer thickness, using a differential thermocouple probe, were made in five fluids: air, water, ethylene glycoi, 
tri-ethylene glycol, and SF-97-1000 silicone fluid. In addition, a Schlieren system was used to visualize the 
thermal boundary-layer region in each fluid. Very good agreement was found between the experimental 
results and the thermal boundary-layer thickness predicted by both the well-known similarity solution and 
the recent correlation of Churchill and Ozoe. The largest disagreement was found for the highest Prandtl 
number fluid. For the high Prandtl number silicone fluid the temperature field was also determined for 
several values of heat flux. While good agreement with theoretical results was found near the surface, 
somewhat higher temperatures were measured near the edge of the thermal boundary layer. The larger 
difference. at high Prandtl number is attributed to the non-boundary-layer nature of the velocity field and the 

associated disturbance of the flow by the presence of the test section boundaries. 
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NOMENCLATURE 

fluid specific heat ; 
acceleration due to gravity; 
Aux Grashof parameter, 5(Gr:/5)“’ ; 
local flux Grashof number, gPx4q”/kvZ ; 
local Grashof number, gpx3(t, - t7,)/v2 ; 
fluid thermal conductivity ; 
defined by, to -t,, = Nx’.~, for uniform 
flux surface ; 
heat flux from vertical surface; 
electrical resistivity of Inconel600; 
temperature; 
coordinate along vertical surface; 
coordinate normal to vertical surface. 

Greek symbols 

P? volumetric coefficient of fluid thermal 
expansion ; 

4 boundary-layer thickness; 

At, temperature difference, t-t.,, ; 
9, dimensionless similarity variable, 

(~/xNGrx/4)“~; 

P, absolute viscosity of fluid ; 
V, fluid kinematic viscosity, p/p ; 

P> fluid density ; 
0, Ruid Prandtl number, pC,lk ; 

4% temperature excess ratio, 

(t--taJ/(~o---t,). 

Subscripts 

CO, denotes Churchill and Ozoe; 
exp, value determined experimentalfy ; 
fi film temperature, (to + r7, f/2 ; 
0, condition at surface, y = 0; 

ss, similarity solution ; 
6 the edge of the thermal boundary layer ; 
m, condition in ambient fluid. 

INTRODUCTION 

THERE have been many previous studies of steady 
laminar natural convection from a vertical uniform- 
heat-flux surface. One of the principle analytical 
investigations was a similarity analysis of the boun- 
dary layer equations by Sparrow and Gregg [I J. The 
governing equations, in non-dimensional form, con- 
tain a single parameter, the fluid Prandtl number. 
Numerical solutions were presented for Prandtl num- 
hers: 0.1, 1,lO and 100. Definitive analyses for extreme 
Prandtl numbers occurred much later than the cor- 
responding ones for an isothermal surface. By con- 
sidering an inner and outer layer, Hieber and Gebhart 
[2] and Hieber [3] obtained three terms in a series 
solution valid for the limiting situations of large and 
small Prandti number, respectively, using the method 
of matched asymptotic expansions. The leading terms, 
forrheat transfer, are tabulated by Gebhart [4] for 
extreme Prandtl numbers for both the isothermal and 
uniform flux surface boundary condition, 
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Perhaps the most detailed and extensive experimcn- 
tal measurements of natural convection adjacent to a 
vertical uniform-heat-flux surface have been perfor- 
med in air and water. Some of the earliest theoretical 
and experimental studies for liquids were done by 
Saunders [S] in water and mercury using an electri- 
cally heated surface. The measured temperature pro- 
files and heat transfer agreed quite well with his 
corresponding approximate solutions for these liquids, 
Later measurements of local heat transfer in air by 
Dotson [6] agree well with the results of Sparrow and 
Gregg [l] for 10’ < (;r, < 10”. Additional measure- 

ments by Goldstein [7] in air and water also support 
theoretical results. 

Many of the investigations using fluids of higher 
Prandtl number than air and water, and a uniform 
flux surface, were concerned with transient and 
non-Newtonian effects. Soehngen [S] measured the 
temperature profile in hydrocarbon polymers (rr = 

50 Ooo--200 000) as part of a study of transient and 

steady-state natural convection. He concluded that his 
measured steady state temperature profile confirmed 
the trends predicted by similarity solution calculations 
for an isothermal surface, but a careful conlparison of 
experiment and theory was not presented. Rajan and 

Picot [9] ex~rimentally determined the Nusselt num- 
ber dependence on Prandtl number for transient and 
steady-state laminar natural convection from a verti- 
cal uniforln-heat-flux surface over a range of Prandtl 
number from 6 to 106. They measured the heat transfer 
from a uniform-Rux surface in four fiuids {water, 
glycol, glycerol, and corn syrup) and correlated their 
results using a modified version of the equation given 
by von Karman~Pohlhausen (Sparrow and Gregg 
[I]). Recent measurements in mercury reported by 
White et al. [lo] indicate that natural convection heat- 
transfer rates in liquid metals are higher than those 
predicted by current analytical methods. 

In a very recent study, Emery et al. [l I] measured 
the effect of inclination and non-Newtonian behavior 
on heat transfer to fluids with Prandtl numbers 
ranging from 7 to 1000. For the high Prandtl number 
fluids, they found that the presence of test section 
boundaries gave rise to secondary flows which slightly 
alter the temperature field from that calculated using 
similarity solutions. 

Churchill and Ozoe [12] have presented rather 
general heat-transfer correlations for laminar natural 
convection from both isothermal and uniform flux 
vertical surfaces. Their results agree with similarity 
solution predictions, for moderate values of Prandtl 
number, and asymptotic solutions for limiting large 
and small Prandtl number. In the course of their 
caIcuiations they afso determined an expression for the 
thermal boundary-layer thickness (for a uniform flux 
surface) wh’ich is valid for all Prandtl numbers. 

A knowledge of the Prandtl number dependence of 
the thickness ofthe momentum and thermal boundary 
layers is of considerable practical and fundamental 
importance. For example, it may be desirable to avoid 
interference with the thermal boundary layer locally to 

prevent unwanted heating of an object adjacent to a 
heated surface. Additionally, an estimate of the 
boundary-layer thickness is often necessary to deter- 

mine the applicability of the boundary-lawyer approxi- 
mations. For moderate Prandtl numbers. the ther- 
mal boundary-layer thickness is inversely pro- 
portional to the square root of the Prandtl number (8, 
TT.g - 1:r). This is a consequence of viscous forces in the 
vertical direction being of the same order as the 
convection of momentum and the motion-causing 
buoyancy force (see Gebhart [4]). For vanishingly 
small Prandtl number this relation becomes exact. 

However, at large Prandtl number the thermal region 
thickness varies inversely as the one-fourth power of 

the Prandtl number. Knowledge of the Prandtl num- 
ber variation of the thermal and momentum 

boundary-layer thicknesses is of fundamental impor- 
tance in separating the Row into inner and outer 
regions and employing the technique of matched 
asymptotic expansions. 

In connection with high Prandtl number fluids, it is 
interesting to note a number of observations of Hieber 
and Gebhart [2J. They point out that the boundary- 
layer approximation for the inner region is valid when 
G”=O(a 3”o) They alsoindicate that the outer region 
does not have a significant effect upon the inner. since 
the rate of change of vertical momentum in the outer 
layer is of smaller order than the viscous shear force. 
They conclude that their stability analysis is valid even 
though it corresponds to a flow regime where the outer 
layer of the Row region is not fully developed. 

Although asymptotic theories are heavily relied 
upon to predict flow and transport at extreme Prandtl 
number, there remain some unanswered and impor- 
tant questions. At low Prandtl number, White et n[. 
[IO] point out a lack of agreement between experiment 
and theory. At large Prandtl number, experiments 
have dealt mainly with other effects, and careful 
comparisons of velocity and temperature fields and 
transport have not been made. A verification of the 
Prandtl number dependence of the thermal boundary- 
layer thickness is an examination of an important part 
of the basis of asymptotic theories. The effect of 
Prandtl number on the thermal boundary-layer thick- 
ness predicted by analysis has not previously been 
systemat~caliy verified experimentally over an exten- 
sive range of Prandtl number. Such a verification is the 
purpose of the present experimental investigation. No 
previous investigations have presented a detailed 
comparison of measured and calculated velocity and 
temperature fields for Prandtl numbers greater than 
600. The experimental apparatus and procedure are 
described in the next section. 

EXPERIMENTAL APPARATUS 

A uniform-heat-flux surface was constructed of a 
thin (0.127 mm thick) electrically heated foil made of 
Inconel 600 stretched between two metal knife edge 
clamps. The foil was 6.9-cm wide and 27.4-cm long. 
The thickness of the foil is very uniform and the 
material is homogeneous to high tolerance. The re- 
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Flti. 1. Photograph ofexperimental apparatus. 

sistivity of the foil is a very weak function of tempera- 
ture, r=r,[l+1,70xlO-4(t-t,)], which insures 
that the heat dissipation will be essentially uniform 
along the surface even though the temperature will 
vary along its length (to-r , = Nx-‘.~). The largest 
temperature variation along the fait occurred in air. 
From one end to the other, the maximum temperature 
difference was 77°C. This produced only a I:,{ change 
in the resistance along the entire length of the foil. 
Convection occurs on both sides of the foil so that half 
of the electrical energy dissipated in the foil is con- 
vected away on each side. 

The temperature difference between a point in the 
boundary layer and the ambient fluid was measured 
using a differential thermocouple probe. Small 

(0.025 mm) diameter thermocouple wires were 
stretched between small diameter glass tubes held in a 
fixture. This design minimized the disturbance of the 
flow in the vicinity of the thermocouple bead. Also, 
since the boundary layer is nominally two- 
dimensional, the leads from the thermocouple were 
positioned horizontally, along an approximate iso- 

therm, which minimized conduction errors. The sec- 
ond bead of the differential thermocouple was located 
at the opposite end of the probe in the ambient fluid 
outside the thermal boundary layer. The ambient 
temperature was measured using a precision thermo- 
meter. A K-4 Leeds and Northrup potentiometer was 
used to measure the voltage from the differential 
thermocouple probe. At the top of the test section a 
micrometer was used to determine the distance of the 
probe from the foil. 

A Schlieren optical system was also used to observe 
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the thermal boundary layer in each fluid. A fine thread 
reference grid was placed in the optical path just 
outside the test section so that the distance from the 
probe to the leading edge of the foil could be measured 

from the photograph of the boundary layer. 
A conventional electrical circuit was used to mea- 

sure the power dissipated from the foil. The voltage 
across the foil and across a Leeds and Northrup 
precision 0.1 St ( +0.00004 Q) resistor in series with the 

foil were measured with a digital voltmeter (to within 
~0.0001 V). The voltage across the standard resistor 
was used to calculate the current in the circuit. The 
power dissipated in the foil was thus determined to 
within-1_0.01%. Measurements were made in five 
fluids: air, water, ethylene glycol, tri-ethylene glycol 
and SF-97-1000 silicone fluid. The properties of these 
fluids at the film temperature, tS, are shown in Table 1. 
The tank and associated experimental apparatus are 
shown in Fig. 1. Additional details of the experimental 
apparatus can be found in Carey [13], part 1. 

NEW MEASUREMENTS AND RESULTS 

The measurement of the thermal boundary-layer 
thickness in each fluid was made at a value of heat flux 
chosen to be within the regime of validity of the 
theoretical solutions. Higher heat flux would tend to 
increase the temperature difference at the edge of the 
boundary layer (taken to be about C/I = 0.02, see Table 
2 for exact values), and to decrease the physical size of 
the boundary layer. Since there are limitations on the 
capability of the instruments to make these measure- 
ments (_) 0.006 K for the thermocouple probe and 
kO.025 mm for the boundary-layer thickness 
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Table 1. Properties of fluids at film temperature 

Fluid 

Air 
Water 
Ethylene 

glycol 
Tri-ethylene 

glycol 
Silicone oil 

(fc, (k&) 

325.2 1.13 
293.0 998 

299.7 1101 

300.2 1136 
300.2 972 

/I X 105 ” X lo6 1’ 
(l/K) W/s) (Ns/m’) (I,& (WAK) D 

3.071 18.14 2.055 x lo- 5 1 St04 0.028 0.703 
20.34 1.015 1.012 X IO_” 4.176 0.598 7.06 

63.58 13.27 1.023 x lo- * 2.364 0.285 137 

68.56 33.44 2.933 x lo- 3 2.113 0.233 344 
92.52 968.0 9.413 X 10-l 1.506 0.159 8940 

Table 2. Tabulated experimental parameters for the data shown in Fig. 3 

4” X 102 
Fluid 0 :K, (W/cm’) (K/c:” ‘) (ci) (im) “(K;’ Gr, &,, ‘1,X, %leory 

Air 0.703 290.2 3.41 39.47 17.9 12.3 70.2 3.76 x 10’ 0.0213 3.820 3.790 
Water 7.06 289.7 16.83 3.62 18.7 4.6 6.51 8.56 x 10’ 0.0188 1.658 1.580 
Ethylene 

glycol 137 294.4 12.25 6.32 19.1 4.9 11.5 2.20 X lo6 0.0137 0.702 0.709 
Tri-ethylene 

glycol 344 293.3 9.37 6.96 19.1 5.1 12.3 5.11 X lo5 0.0268 0.504 0.497 
Silicone oil 8940 294.9 2.08 5.09 18.3 15.1 9.11 5.44 x IO2 0.0191 0.280 0.227 

measurements), to keep the percentage error as small 
as possible for both, a compromise was made on the 
value of heat flux used. In addition, many of the fluid 

properties are strongly temperature dependent, 
specifically: p, p, k and cp. The similarity solution 
entails a number of assumptions including that of 

constant fluid properties. Therefore, large values of 
heat flux were avoided to reduce property variation in 

the flow field and insure that the similarity solution is 
an accurate representation of the physical phenomena. 
Another assumption used in the similarity solution 
entails the second part of the Boussinesq approxi- 
mation: /?At < 1. Again, the temperature difference 

across the boundary layer was kept low to ensure that 
this condition was not violated. All of the approxi- 
mations used in the boundary-layer similarity solution 
are carefully considered and shown to be valid in 

Carey [13], part I. 

Care was taken when conducting the experiment to 
ensure that a steady-state condition was achieved 
without allowing the fluid in the tank to become 
thermally stratified. As the Prandtl number of the fluid 
increased, it required more time to reach steady state. 
The problem of thermal stratification in the tank was 
minimized by insulating the tank and by thoroughly 
stirring the fluid for approximately one hour before 
running the experiment. As a check, the highly sen- 
sitive Schlieren system was employed to detect thermal 
gradients in the tank. 

For convection in air, the heat loss due to radiation 
can be a significant portion of the total heat dissipated 
(about 30% of the total for the case considered here). 
Since this effect is not included in the similarity 
analysis, we have corrected our measurements in air 
using the perturbation analysis results of Audunson 
and Gebhart [14]. With both modes of heat transfer 
present the convective heat flux varies weakly with x. 
The details of this analysis are discussed in Carey [13], 

part I. It can be concluded that the convective heat flux 
closely approximates a constant value (within 5%, for 
the experiments described here) over the length of the 
foil even with radiation present. Additionally, the very 
close agreement of our radiation corrected measure- 
ments in air are a vindication of the theoretical results 
of Audunson and Gebhart [14]. 

Measuring the thermal boundary-layer thickness in 
the high Prandtl number silicone fluid presented 
additional concerns. An estimate of the relative 
boundary-layer thickness indicated that if the thermal 
boundary layer is 1.3-cm thick, then the velocity 
boundary layer is of the order of 130-cm thick. Since 
the test tank is 51-cm across at its widest point (it is a 
hexagonal prism 61-cm tall with 25cm sides), the 

velocity boundary layer was disturbed by the tank 

walls. Boundary-layer flow requires (s/x to be small. 
Since x is only about 15 cm, the velocity field comprises 
a non-boundary-layer flow regime. The temperature 
field is, however, a boundary-layer configuration, i.e. 

6,/x @ 1. 
Previous analytical work by Hieber and Gebhart 

[2] and others consider free convection at high Prandtl 
numbers to consist of two distinct regions. The inner 
region is the thermal boundary layer where the 
temperature difference is brought to zero. The outer 
region consists of the distance beyond the inner region 
required for the velocity profile to go to zero. They 
further imply that the thermal boundary layer and the 
outer velocity field are only weakly coupled (ma- 
thematically only through the matching conditions at 
the interface of the two regions). This suggests, there- 
fore, that the interference of the velocity boundary 
layer by the tank walls may have little effect on the 
thermal boundary layer, and consequently the heat 
transfer so long as the thermal boundary layer is 
sufficiently thin (6,/x small). As previously mentioned, 
Hieber and Gebhart [2] concluded that the boundary- 
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ARROWS INDICATE LOCATION OF SURFACE EDGE 

(a) (b) (c) (d) (e) 

FIG. 2. Schlieren photographs of the thermal boundary layers: (a) Air (aJ = 0.703); (b) Water (uJ = 7.06); 
(c) Ethylene glycol (u/ = 137); (d) Triethylene glycol (CT, = 344); (e) SF-97 silicone fluid (a/ = 8940). 

layer approximation for the inner region of the flow, is 
valid for G* = 0(03”‘). Our experimental conditions 

were chosen to insure that the thermal boundary layer 
satisfied this condition (G* = 25 and c3’lo = 15). 

Another consideration, particularly important re- 
garding the silicone fluid, was that the viscosity is a 

very strong function of temperature. The kinematic 
viscosity of the fluid is 0.001 m’js at 298 K. At 333 K 
the viscosity has dropped to 0.0005 m’/s. The viscosity 
change was minimized by keeping the temperature 
difference across the boundary layer low. Once the 
differential thermocouple probe was positioned, and 
the flow reached steady state, the thermocouple vol- 
tage was read and a Schlieren photograph was taken. 

For air, water, ethylene glycol and triethylene glycol 
the temperature was measured at a single location near 
the edge of the thermal boundary layer. For the 
silicone fluid, the entire temperature profile was mea- 
sured at a single downstream location for several 
values of heat flux. The high precision of the in- 
strumentation used, as previously discussed, resulted 
in an accuracy of better than 1% for the experimentally 
determined values of ;rl, and 4, listed in Table 2 along 
with associated experimental parameters. Also shown 
in Table 2 are the values of Q, from our numerical 
calculations, corresponding to the value of 4 de- 

termined experimentally. The last two columns of 
Table 2 are a direct comparison of the experimental 
measurement of thermal boundary-layer thickness 
and the values predicted by the numerical integration 
of the similarity solution equations. For the highest 
Prandtl number calculations, the slopes of the velocity 
and temperature profiles were taken from Hieber and 
Cebhart [Z]. 

As a check on the numerical solution, the value of qr 
for 4 = 0.01 was also calculated using the relation 
given by Churchill and Ozoe [12]. Their expression, 
modified to give r~, directly is: 

r / _ \9/101219 
3.410 1 + +j 

rr = ~-@~),l~5~z~s . 
) I 

A comparison of the numerical solution results with 
those predicted by the Churchill-Ozoe relation is 
shown in Table 3. It can be seen that they are in 
agreement to at least within the 2% accuracy claimed 
by Churchill and Ozoe [ 121. 

Table 3. Comparison of the similarity solution results and 
those predicted by the Churchill-Ozoe correlation for 4 

= 0.01 

Air 0.703 4.410 4.510 
Water 7.06 1.740 1.750 
Ethylene glycol 137 0.728 0.718 
Tri-ethylek glycol 344 0.575 0.564 
SF-97 silicone fluid 8940 0.248 0.247 

In Fig. 2, Schlieren photographs of the thermal 
boundary layers are shown collectively for air (a), 

water (b), ethylene glycol (c), tri-ethylene glycol (d), 
and SF-97-1000 silicone fluid (e). The photographs 
were taken immediately after the thermocouple 
measurements were recorded. The vertical line seen in 
some of the photographs was aligned with a vertical 
plumb line. In all the photographs the horizontal lines 
were 5.1 cm apart and the probe is located between the 
line that was 15.2 cm from the leading edge and the one 
that was 20.3 cm from the leading edge. For each fluid 
the distance of the probe from the lower line was 
determined by measuring the distance on a blow-up of 
the Schlieren photograph (to twice the physical size). It 
can be seen that the structure of the thermal boundary 
layer is essentially the same in each fluid. The weak 
growth of the boundary layer with x can also be seen. 
The thickness of the thermal boundary layer in the 
vicinity of the probe is small compared to the distance 
from the leading edge. 

Figure 3 shows the variation of q, with Prandtl 
number. Calculated curves of Q corresponding to 
values of $ equal to 0.01,0.02, and 0.03 are shown. The 
experimental values of r~, at each value of Prandtl 
number are also shown on the plot. In addition, the 



486 V. P. CAREY and J. C. MOLLENIXIRF 

0 0.703 0.0213 
0 7.06 0.0186 

a 137. 0.0137 

. 344. 0.0268 

. 8940. 0.0191 

-- THERMAL BOUNDARY LAYER THICKNESS 

CALCULATED FROM SIMILARITY SOLUTION 

0.1 1 I A 

10-1 I IO IO’ IO3 104 105 

G 

FIG. 3. Variation of the thermal boundary-layer thickness with Prandtl number. 

I 

ifi7 
q” AL 0 

w/cmz 
cf 

I.0 K 

0 0 5.41 x10-3 3.11 9120 

0 2.08x10-~ 9.11 8940 
0.8 . . . 9.33 x 10.’ 29. I 7370 

Q 
0.6 

!A% . 1.63x10-’ 44.5 6390 

TEMPERATURE PROFILES 

TED FROM SIMILARITY 

-- ff‘ = 5790 

- q = 8940 

5 

CALCULA- 

SOLUTION: 

FIG. 4. Measured and calculated temperature distribution for the silicone fluid. 

asymptotic Prandtl number dependence for extreme 

Prandtl number is shown for 4 = 0.01. These relations 
are from the Churchill and Ozoe [12] correlation and 
incorporate the relations for the Prandtl number 
variation of- 4’(O), for extreme values of Prandtl 
number, from Gebhart [4]. It can be seen from Fig. 3 
(and Table 2) that the experimental results agree very 
closely with the predicted values, with the exception of 
the point in the silicone fluid which is about 20% high. 
Because of this, more extensive data was taken at high 
Prandtl numbers to examine the nature of the boun- 
dary layer in more detail. The temperature field in the 
boundary layer was measured for four values of heat 
flux. The results are shown in Fig. 4. Because the 
viscosity is such a strong function of temperature, 
changing the heat flux changed the film Prandtl 
number of the fluid. This resulted in a range of film 
Prandtl numbers from 6.4 x lo3 to 9.1 x 103. Analyti- 
cal solutions were determined for c/ = 8940 and 5790 
and are plotted in Fig. 4. The larger value corresponds 
exactly to the film Prandtl number of one set of 
experimental conditions. The lower value is plotted to 
indicate how much the calculated temperature field 
changes with Prandtl number. 

It can be seen from Fig. 4 that for all four values of 

heat flux, the experimental values of 4 are consistently 

higher than the values predicted by the similarity 
solution. Note that measurements were made over a 

very wide range of heat flux. The agreement is good 
close to the foil, but for II > 0.05 the experimental 
values of 4 differ from the calculated values by as much 
as 50%. Three potential sources of error have been 

considered. First, the difference could be caused by the 
strong variation of kinematic viscosity of the silicone 
fluid with temperature. The other thermal properties 
of the silicone fluid (cp and k) do not vary strongly with 
temperature and therefore should not greatly affect the 
flow. Calculated Prandtl number variation is shown 
on Fig. 4. Close examination of Fig. 4 shows that the 
error between the experimental data points and the 
theoretical curves is greater for the data points that 
were obtained at the lower values of t, -t , This 
implies that the variation of the transport properties 
(particularly the kinematic viscosity) is probably not 
the primary cause of the error. For the experimental 
conditions (i.e. calculated shear rates encountered) 
here, the deviation of the fluid from non-Newtonian 
behavior is negligible. Another possibility is that the 
difference could be caused by the interference of the 
thick velocity boundary-layer with the wall of the tank. 
This effect is believed to be a possible source of error 
and is discussed further in the next section. 



Laminar natural convection from a vertical surface 487 

CONCLUSIONS 

For all Prandtl numbers considered, values of the 

thermal boundary-layer thickness, I,, calculated from 
the similarity solution agree to within 2% of values 
calculated from the correlation of Churchill and Ozoe 
[12]. Except for measurements in the high Prandtl 
number silicone fluid, our experimentally determined 
values of 4, agree extremely well with the theoretical 
predictions. The good agreement found for measure- 
ments in air, after correcting for radiation losses, serves 
also to further verify the results of Audunson and 
Gebhart [14]. They found that for radiation effects as 

small as those present in this study, the radiation and 
convective transport can be considered to be inde- 
pendent and superimposed. 

The Prandtl number variation of q, from order-of- 
magnitude analysis for moderate values of Prandtl 
number, and asymptotic analyses for extreme values of 
Prandtl number are also compared with numerical 
calculations in Fig. 3. The inverse square root 
variation is seen to be a rather rough estimate at 

moderate Prandtl number compared to the calculated 
variation. For the small Prandtl number limit, the 
inverse square root variation agrees well with the 
limited calculations shown for o < 1. At large Prandtl 

number, the calculated variation is seen to be in close 
agreement with the inverse one-fourth variation be- 
yond IJ = 100. 

The experimentally determined temperature profile 
in the high Prandtl number silicone fluid deviates 
somewhat from that predicted by the similarity so- 
lution. Although it may be a contributing factor, the 
variation of viscosity with temperature does not 
appear to be the primary source of error because the 
error does not increase with increasing temperature 
difference. A conjecture from a previous analytical 
study on the stability of high Prandtl number free 
convection flows by Hieber and Gebhart [2] suggests 
that the thermal boundary layer and the outer velocity 
field are not strongly coupled. If the two layers are 
sufficiently decoupled, it may be expected that the 
theory would be an accurate representation of the 
temperature profile (and heat transfer) despite the 
non-boundary-layer nature of the velocity field. 

Calculations show that the velocity field in our 
experiments in the high Prandtl number silicone fluid 

is thick compared to the downstream extent con- 
sidered. In addition to the non-boundary-layer 
velocity field, there is an associated effect. The velocity 

field is calculated to extend beyond the test section 
boundaries. It is interesting to note that the trends 
indicated by our measured temperature profile at high 
Prandtl number are similar to those found by Emery et 
al. [l 11. They found, for high Prandtl number fluids, 
that the test section boundaries produced a recirculat- 
ing flow which affected the velocity field and the outer 
region of the thermal boundary layer. Their measured 
temperature profile agreed well with that predicted by 
the similarity solution except near the edge of the 
thermal region where the experimental data is slightly 
higher. Our data, shown in Fig. 4, has the same 

characteristics. It agrees well with the similarity so- 

lution near the surface, but the data is higher near the 

edge of the thermal boundary layer. It seems likely, 
therefore, that our measurements could also be in- 
fluenced by secondary motions in the ambient fluid 
resulting from flow interaction with the test section 
enclosure. 

The only circumstance where we do not have 
excellent agreement between our measurements and 
theoretical calculations is for the highest Prandtl 
number considered. Furthermore, for the other fluids 
used, both the velocity and temperature fields are thin 
enough not to interfere with test section boundaries 
and to satisfy boundary-layer requirements. We have 
considered and ruled-out a number of other possible 

explanations for the disagreement found in the silicone 
fluid. The remaining candidate is the effect of in- 
terference of the thick non-boundary layer velocity 

field with test section boundaries. The results of this 
investigation imply that the assumption of in- 
significant coupling between the thermal boundary 
layer and the outer velocity field is questionable when 
there is interference with test section boundaries. 

In view of this, and the close similarity of our 
measurements to those of Emery et al. [ll], we 

tentatively conclude that enclosure effects are re- 
sponsible for the theoretical underprediction of the 
temperature in the boundary layer for the high Prandtl 

number fluid. Furthermore, the disagreement in the 
outer region is somewhat greater in the present study 
than that reported by Emery er al. [Ill. This suggests, 
perhaps, that the effect becomes more pronounced 
with increasing Prandtl number. Some previous 
studies in high Prandtl number fluids have appar- 
ently overlooked this effect and their results are thus 

called into question. 
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MESURE DE LA VARIATION DE L’EPAISSEUR DE COUCHE 
LIMITE THERMIQUE EN FONCTION DU NOMBRE DE PRANDTL POUR LA 

CONVECTION NATURELLE LAMINAIRE SUR UNE SURFACE VERTICALE 
ET UN FLUX THERMIQUE UNIFORME 

R&m&Des mesures systkmatiques de la variation de 1’Cpaisseur de couche limite thermique ont Ctt: 
conduites pour des nombres de Prandtl variant de 0,703 a 8940, en convection naturelle laminaire sur une 
surface verticale chauffte B flux constant. Des mesures de l’kpaisseur de couche limite thermique g l’aide d’une 
sonde diffkrentielle g thermocouple, ont &ti: faites pour cinq fluides: air, eau, ttthyltne glycol, triCtyl&ne glycol 
et silicone SF-97-1000. De plus un systtme Schlieren a &tt utilist pour visualiser la rCgion de couche limite 
dans chaque fluide. Un trts bon accord a &tt obtenu entre les rBsultats et les calculs tirt’s de la solution 
classiquede similaritt et de la rCcente formule de Churchill et Ozoe. Le plus grand d&accord est trouvt pour 
les nombres de Prandtl les plus tlevts. Pour le silicone ti grand nombre de Prandtl, le champ de tempbrature 
est aussi dttermint: pour plusieurs valeurs du flux thermique. Tandis qu’un bon accord avec les rtsultats 

theoriques est trouvt pris de la surface, des tempkratures plus tlevtes sont mesurees pr&s du bord de la couche 
limite. La diffkrence au grand nombre de Prandtl est attribuke B une nature du champ des vitesses qui s’Ccarte 

de celle d’une couche limite et i la perturbation associie de I‘bcoulement par la prCsence des frontitres de la 
section de mesure. 

MESSUNG DER VER.&NDERUNG DER THERMISCHEN GRENZSCHICHTDICKE 
MIT DER PRANDTL-ZAHL BE1 LAMINARER, NATURLICHER KONVEKTION 

AN EINER VERTIKALEN HEIZFLXCHE MIT GLEICHFiiRMIGER 
W;I;RMESTROMDICHTE 

Zusammenfassung-Im Rahmen dieser Untersuchung wurden systematische Messungen der Vergnderung 
der thermischen Grenzschichtdicke mit der Prandtl-Zahl bei laminarer, natiirlicher Konvektion an einer 
vertikalen Heizfl%che mit gleichfijrmiger Wtimestromdichte durchgefiihrt. Die Prandtl-Zahlen wurden von 
0,703 bis 8940 variiert. Die thermische Grenzschichtdicke wurde mit Hilfe einer Differential- 
Thermoelement-Sonde fiir fiinf verschiedene Fluide gemessen, nlmlich fur Luft, Wasser. Aethylenglykol, 
TriSithylenglykol und SF-97-1000 SilikonGI. Aul3erdem wurde die Grenzschichtregion mit Hilfe eines 
Schlierenverfahrens sichtbar gemacht. Die experimentell ermittelte Grenzschichtdicke stimmt sowohl mit 
der nach der Aehnlichkeitstheorie wie mit der nach der kiirzlich vertiffentlichten Beziehung von 
Churchill und Ozoe errechneten sehr gut iiberein. Die sttiksten Abweichungen treten bei Fluiden 
hoher Prandtl-Zahlen auf. Fiir das hohe Prandtl-Zahlen aufweisende SilikonGl wurde such das 
Temperaturfeld fiir verschiedene WImestromdichten bestimmt. Wghrend sich eine gute iibereinstimmung 
mit den theoretischen Ergebnissen in der Ntie der Oberfllche ergibt, wurden an den Riindern der 
thermischen Grenzschicht etwas hijhere Temperaturen gemessen. Die bei hijheren Prandtl-Zahlen 
auftretenden Abweichungen werden auf den Nichtgrenzschichtcharakter der Strsmung und auf von den 

Rtidern der Versuchsstrecke ausgehende Stlirgr&n zuriickgefiirt. 

B_JIMIiHME 3HAYEHMx YMCnA nPAHHTnR HA TOJIIJJMHY TEn.rIOBOrO 
nOI-PAHMYHOrO CJ-IOI~ HPM JIAMMHAPHOB ECTECTBEHHOti KOHBEKIIMM 

OT PABHOMEPHO HATPET BEPTMKAJIbHOti nOBEPXHOCTM 

AHHoTaqwn - B CTaTbe IlpeACTaBneHbI pe3yJlbTaTbl IiCCJIeAOBaHMR BIIMSIHHII YHCJIa npaHATnR Ha 

TOJI~AH~T~~JIOBO~O norpaHAYHorOCnO~BAMana3oHe3HaYeH~B wcna npaHATnnOT0,703AO 8940 
npll naMHHapHOfi eCTeCTBeHHOti KOHBeKuMH OT paBHOMepH0 HarpeTOfi BepTHKaJIbHOfi nOBepXHOCTH. 

3aMe,,bI TO,Im,,Hbl TenJLOBOrO nOrpaHWHOr0 CnOIl npOM3BOAWUiCb AM@#JepeHLWiaJlbHbIM TepMO- 

3,IeMeHTOM B n5ITll CpeAaX: BOsAyXe, Bone, 3THneHrnMKone, TpHsTMneHrnRKone Ii B CHJIllKOHe 

SF-97-1000. ~OMHMO 3Toro, o6nacrb Tennoaoro norpamiyHoro cnox BwyanIwipoBanacb B Kaxcnofi 

113 CpeA TeHeBblM MeTOAOM. Ha6nwAanocb XOpOUIee COOTBeTCTBHe MeKAy 3KCnepMMeHTaJIbHblMH 

AaHHblMH M pe3ynbTaTaMH paCYeTOB TOJIL‘tllHbI TennOBOrO nOrpaHMYHOr0 CnOll, nOJlyYeHHbIMA KaK 

M3 aBTOMOAe,lbHblX pCU,eH,,8, TBK II C nOMOWbEO HeAaBHO npeAJIO~eHHOr0 COOTHOUIeHEiR YepYHnnR 

R Osoe. Han6onbmee pacxomneHae oTh+eYeHo y ~KAAKOCTM c caMblM 60JIbmAM 3HaYeHAeM Ywna 

~paHAT.W,. a.“,, CAJIllKOHOBOfi XCAAKOCTH C 6OJlbmHM 3HaYeHMeM YHCna npaHATn5l OnpeAenRnocb 

TeMnepaTypHoe none “pEi HeCKOnbKHX 3HaYeHMIIX nJIOTHOCTH TenJlOBOrO nOTOKa. B TO BpeMR KaK 

“a I,OBe,,XHOCTH OTMeYanOCb XO,,Omee COOTBeTCTBRe C pe3yJIbTaTaMM PaCYeTOB, y Kpan TennoBoro 

norpamirHor0 cnoR 3aMepeHbi 6onee BwcoKlle 3HaYemw TeMnepaTypbl. 6onbmee pacxomneHxe 

pe3yJIbTaTOB npH BblCOKHx 3HaYeHARx YACna npaHATJW 06bncHneTUi XapaKTepOM nOnR CKopoCTe&, 

OTnllYHbIM OT CBOfiCTBeHHOrO nOrpaHLiYHOMy CJOlo, W COnyTCTBylOWHM BO3MyUeHHeM nOTOKa, 

06yCnOBneHHblM HanllYMeM rpaHMu 3KCnepHMeHTaJlbHOrO yYaCTKa. 


